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Abstract 

We construct a gravitational-anomaly-free effective action for the coupled sys- 
tem of IIA D = 10 dynamical supergravity interacting with an iVS'S-brane. The 
iVS^-brane is considered as elementary in that the associated current is a <5-function 
supported on its worldvolume. Our approach is based on a Chern-kernel which en- 
codes the singularities of the three-form field strength near the brane in an SO(A)— 
invariant way and provides a solution for its Bianchi identity in terms of a two-form 
potential. A dimensional reduction of the recently constructed anomaly-free effec- 
tive action for an elementary M5-brane in D = 11 is seen to reproduce our ten- 
dimensional action. The Chern-kernel approach provides in particular a concrete 
realization of the anomaly cancellation mechanism envisaged by Witten. 
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1 Introduction 



It is a well known fact that IIA string theory admits 1-branes and 5-branes as elementary 
excitations, and that its low energy limit is given by IIA supergravity. The bosonic sector 
of IIA supergravity is given by the metric g^ u , the dilaton $, a one-form A\, a two-form 
A 2 and a three-form As, while the bosonic fields on the NS-5 brane are the coordinates 
x^(ct), a scalar ao(a) and a chiral two-form 02(0"). The chiral fields on the 5-brane lead 
to gravitational anomalies whose polynomial has been calculated in 0; it is given by 

27r ( Xs + 2l X4X4 )' (L1) 

where X$ = 192 ( 1 27r )4 (trR 4 — \{trR 2 ) 2 ) is the SO(l,9) target space anomaly polynomial 
and Xa i s the Euler characteristic of the S'0(4)-normal bundle of the brane. We will use 
the following notation for descent equations: Xi — d-Xs, $X3 = dx2, and similarly for all 
other polynomials. 

While the target space anomaly can be cancelled through a standard Green-Schwarz 
mechanism the normal anomaly requires an inflow mechanism, relying on the basic equa- 
tion 

dH 3 = gJ A , (1.2) 

where H 3 is the curvature associated to A 2 , g the charge of the brane and the four-form 
J 4 is the current associated to the elementary brane, i.e. a Dirac ^-function with support 
on the brane. For g — one recovers pure ten-dimensional bosonic IIA supergravity 
and eq. ( |1.2|) allows to introduce a potential A 2 according to H 3 = dA 2 . When g 7^ 
instead, the introduction of a potential becomes problematic because the r.h.s. of (|1.2j ) 
is different from zero. On the other hand, a consistent definition of a potential for H 3 
becomes of fundamental importance if one wants to write an action and, consequently, if 
one considers the issue of anomaly cancellation by some sort of inflow mechanism. 

Usually the system IIA supergravity + NS 5-brane has only been considered in the 
framework of the a-model, where target space fields act as sources for the fields living on 
the brane (direct coupling), but there is no influence of the brane on target space fields 
(back coupling): they satisfy the equations of motion of pure supergravity. It is clear 
that the modified Bianchi identity (|1.2j ) can not be the unique back coupling equation, 
because it induces also modifications to the Bianchi identities and equations of motion 
for the other bosonic supergravity fields; principal aim of the present paper is to present 
these modified equations and to write down the corresponding action in compatibility 
with anomaly cancellation. This requires in particular to solve the problem of a potential 
A 2 for g ^0. 

The issue of anomaly cancellation for IIA iVS'S-branes has been addressed in two 
related ways up to now. The author of QXJ] considers an "almost 5-like" source by arguing 
that the iV^S-brane 5— like current J4 should be replaced by a cohomologically equivalent 



1 



closed form J 4 with support in a small neighborhood of the brane. In order to perform 
the pullback on the 5-brane worldvolume M$ of equation (|1.2|) he exploits the property 
that there exists a regular cohomological representative of J 4 such that its pullback is Xii 

jf=X4, (1.3) 

where with the subscript (0) we indicate the pullback of a form on M 6 . Then he argues 
that X4 should be considered as the "finite part" of the 5-function in J 4 , and that (|1.3| ) 
"should be taken as part of the definition of the brane" . This leads in particular to the 
pullback equation 

dH® = g X 4- (1.4) 

He proposes then the following counterterm in the action to cancel the normal bundle 
anomaly 

Unfortunately for an elementary brane, with a 5 like support, this counterterm is ill- 
defined because then J 4 as well as H 3 do not admit pullbacks on M 6 . In particular, for 
its variation under SO (4) one would formally obtain 

5 f tff X 3 = - / dHf\ 2 = -g [ Jt\ 2 = -g [ J 4 J 4X2 , 
Jm 6 jm 6 Jm 6 Jm w 

but, since locally we have J 4 = d A u 5 4 (u) where the u r are normal coordinates, the product 
J 4 J 4 is meaningless, as is the above counterterm. To obtain the desired anomaly cancelling 
term one has to enforce, once more, a cohomological relation: J 4 J 4 ~ J 4 % 4 0, |3|. Notice 
however that in the framework of [|[] using ( |1.4|) one can introduce a pullback potential 
according to = dA^ + gx3 and rewrite ( |1.5|) in the form 



I2a J Me, 



12 g J Me 

which cancels still the normal bundle anomaly if one enforces the transformation law 

5Af ] = -g X2 . (1.6) 

This second form of the counterterm may be well defined even for an elementary brane, 
but in this case one has to face the problem of how to introduce a target space form A 2 
which gives rise to flO} ) in a consistent way; in particular, for continuity reasons, one 
must now have also a non trivial target space transformation law: 5A 2 7^ 0. This is one 
of the main problems solved in the present paper. 

The aim of the paper |3J] instead was a derivation of the counterterm ( |1.5| ) from 
the eleven-dimensional M5-brane effective action proposed in ||. Since the eleven- 
dimensional 5-brane current J5 used in this paper was a smooth one, the dimensional 
reduction led again to a smooth current J 4 and, once more, to ( |1.5|) . 
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The main reason why we insist on a 5 like current stems from electric-magnetic dual- 
ity: if one wants that 1-branes and 5-branes can consistently coexist one has to impose 
not only a Dirac quantization condition for their charges but also to demand that both 
their currents carry a 5 like support; this is explained, for example, in |J. Moreover, soli- 
tonic solutions of eleven- or ten-dimensional supergravity lead to ^ like supports even for 
solitonic 5-branes J7|. The requirement of existence of an effective action for an elemen- 
tary 5-brane is also in line with the fact that the derivation of its gravitational anomaly 
( |1 . 1|) can be based on a local a-model action where, by definition, the current is strictly 
a 5-f unction || . 

With these motivations in mind we present in this paper an action describing the 
interaction between II A supergravity and an A^S*5-brane, which copes consistently with 
equation ( |1.2|) where J4 is considered as a 5-function on the 5-brane worldvolume, see 
below for a precise definition. As anticipated above the first problem one has to solve 
is the introduction of a two-form potential A 2 . Since J4 is a closed form the first step 
demands to find a three-form K 3 such that 

dK 3 = J 4 , 

because this would then allow to define A 2 according to 

H 3 = dA 2 + gK 3 . 

Since we want A 2 to be a regular field near the 5-brane, i.e. the pullback A^ has to 
be well defined, the singularities which are necessarily present in H 3 have to be carried 
entirely by K 3 . We will see that this implies that K 3 decomposes into a sum 

K 3 = X3 + W3, 

where X3 represents a target-space form whose pullback on M 6 is regular and coincides 
with the Chern-Simons form associated to the Euler form. On the other hand, the three- 
form CU3 — a Chern-kernel - exhibits a singular and invariant behaviour near the 5-brane. 
Our construction of the effective action will be based on this decomposition of K 3 . 

As a check of our result we perform a dimensional reduction of the effective action for 
an elementary 8— like M5-brane in d = 11, which has been recently constructed in [[J, 
and which is based on a Chern-kernel, too. This action cancels the normal SO (5)-bundle 
anomaly and relies on an invariant three-form potential A 3 , while the ten-dimensional 
two-form A 2 carries an anomalous transformation law; so the anomaly cancellation mech- 
anisms look rather different in ten and eleven dimensions. An interesting aspect of the 
reduction regards the way in which the eleven-dimensional mechanism gives rise to the 
ten-dimensional one. Eventually the reduced action agrees with the ten-dimensional one, 
we have constructed independently. 

An alternative approach for the solution of ( |1.2| ) is based on Dirac-branes, i.e. un- 
physical surfaces whose boundary is the 5-brane. Although being a standard approach, 
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in the present case it is appropriate for what concerns the equations of motion but it fails 
at the level of the action, due the presence of the anomaly cancelling counterterm; we 
explain the reason for this failure in section 3. In some sense the Chern-kernel approach 
represents a refinement of the Dirac-brane one. 

In order to consider the 5-brane as a £-like source one has necessarily to work with 
distribution valued p-forms, so called "p-currents" [|l(| 11]]. Differentials of forms will 



always be differentials in the sense of distributions []. We will always suppose to deal with 
topologically trivial spaces, unless otherwise stated, so a closed p-form is the differential 
of a (p — l)-form. 

The rest of the paper is organized as follows: in section |2| we give a brief selfcontained 
account of the eleven-dimensional effective M5-brane action, in section |3] we construct 
the effective action for IIA dynamical bosonic supergravity interacting with a bosonic 
iVS'5-brane and eventually, in section f|, we consider the issue of dimensional reduction 
of the eleven-dimensional theory. Section 5 is devoted to concluding remarks. 

2 The M5— brane in eleven dimensions 

We present here the basic ingredients of the effective action for an elementary M5-brane, 
constructed recently in ||; for more details we refer the reader to this reference. 

2.1 Poincare— duality and push— forward 

In the presence of a brane one can define differential forms which live on the brane and 
differential forms which live on the target space. The pullback operation associates an 
rz-form on the brane worldvolume to an n-form on the target space; the push-forward 
operation, instead, associates a form (properly speaking, a current) on the target space 
to a form on the worldvolume. Since we will use this operation frequently we give here 
its definition and state its basic properties [ ID , [T2|. We begin by recalling the definition 



of the Poincare-dual of a (D — p)-manifold, open or closed, with worldvolume Md-p' it 
is the p-current J p - the 5-function on Md_ p - defined through 

n $D- P J P = I $gL p 

for every smooth target space (D — p)— form, where indicates its pullback. 

Given an n-form h n on M^_p instead, we can define its push-forward to an (n + p)- 
form on target space, which we indicate with u h n J p " . It is defined through 

$ D _ p _ n (/l n J p ) = / ^VrA, (2.1) 



3 In our notation, when Leibnitz' rule is valid, the differential will act from the right. 
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again for every target space form $ D _ p _ n . Notice, however, that the product notation 
h n J p is formal because this target space form can not really be factorized. An explicit 
component expression, following from fl2.1|) , is indeed 



h 1 = dr^ 1 ■ ■ ■ rlr^ n+p f 



1 

(n + p)\(D — n — p)\ 
f e Vi ■ ■ ■ E UD -"- p h n 5 D (x - x(a)), 

JMn-r, 



iM D - 

where E v = dx u (a), and x u (a) parametrizes the worldvolume Mu_ p . For n = 0, h n = 1 
one obtains a component expression for J p . The product notation is nevertheless con- 
venient because the definition ( |2.1|) implies that Leibnitz's rule for differentiation holds 
true, d(h n J p ) = h n dJ p + (—) p dh n J p . This is the basic property of the push-forward that 
we will use throughout this paper. In practice the definition of the push-forward implies 
that the "product" between the Poincare-dual of a brane, J p , and a form h n on that brane 
yields a well defined target space current, while this is clearly not true for products of 
generic target-space-forms and worldvolume-forms. Another property that we will use 
frequently is that 

$J P = $ (0) J P , 

whenever the target space form $ admits pullback on Md_ p . In the rest of the paper 
these definitions and properties are always understood. 

2.2 Bianchi identities and Chern— kernels 

The bosonic fields of d — 11 supergravity are the metric gjj^(x), (p = 0, • ■ ■ , 10) and a 
three-form potential B 3 ; the M5-brane fields are the coordinates x^(a) and the chiral 
two-form 62(0")- We set a bar on eleven-dimensional quantities, to distinguish them from 
their ten-dimensional counterparts of next sections. 

The fundamental equation that describes the back coupling of the brane to supergrav- 
ity is 

dH A = gj 5 , (2.2) 

where J5 is the 5-function on the 5-brane worldvolume Mq, i.e. its Poincare-dual, and g 
is the 5-brane's charge. This equation should be regarded as the Bianchi identity for the 
curvature H4 whose solution amounts to the introduction of a potential B 3 . 

Introducing a set of normal coordinates x M «-> (a 1 , y a ), (i = 0, . . . , 5, a = 1, . . . , 5) 
where the o % are local coordinates on the brane and the y a parametrize its normal 50(5)- 
bundle, the current can be rewritten locally as 

J 5 = -e ai - a5 dy ai ...dy a5 5 5 (y). (2.3) 
5 ! 

On the brane there lives an 50 (5)-connection A ab (a) that is obtained from the Rieman- 
nian connection by embedding the brane in the target-space. One introduces an arbitrary 
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target-space extension A ab (a, y) of this connection subject to the boundary conditions 

A ab (a,0) = A ab ((r), \im lyl ^ oo A ab (a,y) = 0. (2.4) 

This extension ensures the correct fall-off at infinity of the eleven-dimensional Chern- 
kernel, which is the target-space S'0(5)-invariant four-form 

K 4 = . .„ e ai - a5 y a ^K a2a3 K a4a5 , (2.5) 
16(27r) J 

with 

y a = y a /y/y^, K ab = F ab + Dy a Dy b , Dy a = dy a + y b A ba , (2.6) 

and F = dA + AA is the extended >SO(5)-curvature. K A has two important properties: 
the first is that as a distribution it satisfies 

dK A = J 5 -> H A = dB 3 + gK A , (2.7) 

allowing the introduction of a potential B 3 that is regular on the brane, and the second is 
that its (singular) behaviour near the 5-brane is universal, see below. Since is a well 
defined field the curvature of the chiral two-form potential on the brane can be defined 
in a standard way as 

h 3 = db 2 + Bi°\ (2.8) 

in compatibility with the gauge transformations 

f 8B 3 = rf$ 2 
1 6b 2 = -^\ 

A central role in the construction of the action is played by the identity 



(2.9) 



K 4 K A = ~df 7 , (2.10) 
fr = P 7 + Y 7 , (2.11) 

where P 7 is the Chern-Simons form associated to the second Pontrjagin form of the normal 
SO(5)-bundle, 

P * = 8(^)4 (^ 2 ) 2 - 2trF4 ) = dP - 

and Y 7 is an 5*0(5)-invariant form (see [§]). Notice that due to the distributional nature 
of K A Leibnitz' rule does not hold: the eight-form K A K A is closed even if dK A ^ 0. 

2.3 Effective action 

The effective action for the system dynamical supergravity + M5-brane is the sum of a 
local classical part and of a quantum part: 

r = = {Skin + S wz ) + T q . (2.12) 
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The quantum contribution T q carries the gravitational anomaly associated to the polyno- 
mial [Q, 

2.(X 8 + Ip 8 ), 

where X s is the 5*0(1, 10) target-space anomaly polynomial, formally identical to the 
ten-dimensional one given in the introduction, and P$ is defined above. G is the eleven- 
dimensional Newton's constant, related to ~g by 

2nG = g 3 . (2.13) 

Ski. n collects the kinetic terms for the spacetime metric, for B 3 , for the coordinates a; M (cr) 
and for 62(c), the latter being written in the PST-approach [|i~4"f , 



S kin = I d u x^R -\f H 4 *H 4 -g ( d 6 a^ (c(h) + -Wh^ . (2.14) 

The kinetic terms for 62 produce a generalized self-duality condition for h 3 which involves 
the Born-Infeld lagrangian 



C(h) = Jdet (Si + ihl , (2.15) 



with /iy = v k hijk, hij = v h , Vk = dkCt/\J—{da) 2 , and a(a) is a non propagating 

scalar auxiliary field. g$ is minus the determinant of the induced metric on the 5-brane. 

The Wess-Zumino term is written as the integral of an eleven-form S wz = J M L n , 
with 

L n = lB 3 dB 3 dB 3 -Ub 2 Bi 0) J 5 + ^-B 3 dB 3 K 4 + 
o z Z 

+ ^B 3 K 4 K 4 + ^KJ 7 + ^X 7 H 4 . (2.16) 

Since under an S'0(5)-transformation we have 5f 7 = dP Q , 5X 7 = dX Q it is immediately 
checked that =S WZ cancels the gravitational anomaly carried by T g , thanks to (|2.13|) . 

The classical action Skin + S wz allows to derive the classical equations of motion for 
B 3 and 62; for a convenient gauge-fixing of the PST-symmetries the latter one amounts 
to 

ha = = V ir (2.17) 

To write the action above one had to introduce a Chern-kernel K 4 , whose definition 
required two additional structures: normal coordinates and an extension of the 5*0(5)- 
connection. Eventually one has to make sure that the effective action does not depend 
on the particular choice of these additional structures. For a different choice of these 
structures we get a different Chern-kernel K 4 which still satisfies dK' 4 = J5 = dK 4 . This 

4 In our notations the 5-brane tension is given T 5 = i=. 

G 
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means that K 4 and K' 4 differ by an exact form. The requirement of independence of H 4 
of the additional structures leads to the (finite) transformations 




K 4 + dQ 3 
B 3 - gQ 3 



(2.18) 
(2.19) 



which imply 



f 7 = f 7 + 8K 4 Q 3 + AQ 3 dQ 3 + dQ 6 



K> 4 K' 4 = -df> 



(2.20) 



where 



Qi 



(0) 




These last identities follow from the fact that the behaviour of K 4 near the 5-brane is 
universal, i.e. independent of the choice of normal coordinates and of the extension of the 
S'0(5)-connection, and they ensure that and h 3 are independent of these structures, 
too. 

The formula for L n reported above is completely fixed by the requirement of invariance 
under (|2~T8|)-(^20l). 

3 IIA NS5— brane effective action 

The bosonic target space fields for IIA supergravity are a three-form A 3 , a two- form A 2 , 
a one-form Ax, the dilaton <3> and the metric g^, while on the bosonic iVS^-brane there 
live the coordinates x m (<t), a two-form 02(0") and a scalar ao(cx). 

In order to discuss the effective action for the system as a first step one has to under- 
stand how the direct/back-coupling mechanism works, i.e. one has to find the coupled 
Bianchi identities and equations of motions for the fields and to introduce potentials. 

3.1 The Chern— kernel 

The elementary NS 5-brane in ten dimensions, with charge g, is described by a current 
J4 that is the ten-dimensional analog of J5, and the normal bundle is now an 5*0(4) one. 
The basic Bianchi identity for the curvatures is the analog of eq. ( |2.2j ): 



and again one has to solve the problem of defining a potential A 2 , or equivalently of 
finding an appropriate Chern-kernel. The basic difference w.r.t. the eleven-dimensional 
case is that for J 4 there exists no invariant three-form K 3 such that dK 3 = J 4 . This 
difference is due to the fact that J5 is an odd current while J4 is an even one and that 
the Euler characteristic of an odd bundle is zero while the one of an even bundle is non 
vanishing. 



dH 3 = gJ A , 
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To find an appropriate form K 3 as in the previous case we introduce a set of ten- 
dimensional normal coordinates (a\u r ), r = 1,...,4, such that the 5-brane stays at 
u — 0. J 4 reads then 

J 4 = j e ri - r *du n ■ ■ ■ du r4 S 4 (u), (3.2) 

whatever is the particular set of normal coordinates used. We also pick up an arbitrary 
target-space extension W rs (cr, u) of the normal bundle S'0(4)-connection W rs (a), with 
the same requirements as in eq. Q2.4|) , and we call the corresponding extended S*0(4)- 
curvature T = dW + WW . In terms of these extended objects and of "hatted" coordinates 
u r = u T I ^/v? one can define the following target-space three-forms: 



■'■ _n...r4 



\, = -t^— - ■: yW rin dW rsrA + -W rir2 (WW) nr4 ) (3.3) 



uo 3 = ^—e ri - r4 u ri Du r2 fr r3r4 + -Du r3 Du r A. (3.4) 

2(2n) 2 V 3 / 

The form X3 is a Chern-Simons form for an extended Euler-characteristic, d\z — Xii 

_ pri—rArprmrprsni, 

A4 8(2tt) 2 

and its pullback on the 5-brane is regular and coincides of course with the Euler Chern- 
Simons form on the brane. The S'0(4)-invariant three-form u 3 instead represents the 
Chern-kernel associated to J4 ||11||, that by definition satisfies 



du 3 = J 4 - X4, (3.5) 

as can be verified explicitly. The J 4 -contribution in this formula comes entirely from the 
"pure Coulomb-form" C 3 , 

C 3 = — ~, — e ri - r4 u n du r2 du T3 du T \ dC 3 = J 4 . (3.6) 

As well as K4, the form uj 3 exhibits an invariant singular behaviour near the 5-brane, 
although its pullback does not exist. Eq. ( |3.5|) provides in particular a realization of the 
Thorn isomorphism 0, i.e. the cohomological equivalence of J 4 and the latter having 
as pullback on M 6 indeed the Euler-form. 

Thanks to ( ^.5| ) we can choose for the three-form K 3 the combination 

K 3 = uo 3 + X 3, dK 3 = J 4 . (3.7) 

As in the eleven-dimensional case, the singular part of K 3 (uj 3 ) is invariant under SO(4)- 
transformations but now K 3 has also a regular contribution (x 3 ) which transforms under 
SO (A) as 

5K 3 = d X2 . (3.8) 
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We can now introduce a potential two-form via 



H 3 = dA 2 + gK 3 , (3.9) 

and we require A 2 to be regular on the brane. It is important to realize that the introduc- 
tion of a potential according to the above equation does not represent the most general 
solution of it is the most general solution subject to the boundary conditions repre- 

sented by the universal singular behaviour near the 5-brane exhibited by K 3 ; this is the 
physical information we add. Notice also that if 3 does not admit pullback on M 6 , but in 
the Chern-kernel approach there is no need to define this pullback, what is needed is the 
separation of H 3 into a regular part, dA 2 + gx3, and a singular one, gui 3 . 
S'0(4)-invariance of H 3 implies the anomalous transformation law 

6A 2 = -g X 2, (3.10) 



which realizes in particular the pullback transformation law (|1.6| ) anticipated in the in- 
troduction. 

In this well as in the previous one we have introduced additional structures, 

normal coordinates and an extended S"0(4)-connection. Under change of these we have 
K 3 — > K' 3 , dK' 3 = J4 = dK 3 . This means that K 3 and K' 3 differ by a closed form, and 
invariance of H 3 leads to the transformations 

K' 3 = K 3 + dQ 2 (3.11) 
A' 2 = A 2 -gQ 2 (3.12) 
Q { 2 ] = 0. (3.13) 

An explicit expression for Q 2 as well as a proof of the last equation are reported in 
Appendix A. This equation asserts that Q 2 is a regular target-space form, whose pullback 
on the brane is well defined and equal to zero; this is again a consequence of the fact that 
the Chern-kernel has a universal singular behaviour near the 5-brane: apart from being 
S0(4)-invariant this behaviour is independent of the choice of normal coordinates and 
of the extension of the connection. As a consequence A 2 is not only regular but also 
independent of the additional structures. The transformations (|3.11|) and (|3.12|) should 



not be confused with those under S'0(4)-rotations (|3.8|) and Q3.10Q of the normal bundle 



in particular X2 7^ 0, opposite to Q 2 = 0. 

The currents J5 and J4 exhaust all even and odd dimensional currents. For a general 
J n one can introduce a form K n _\ as 

Jn — dK n -i, K n _i = U n -\ + Xn-lj du n -\ = J n — Xm 

where io n -\ is an invariant Chern-kernel, and the Euler characteristic of an odd bundle is 
zero by definition. 
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3.2 Bianchi identities 



dHi 






= rf$ 


dR 2 


:! -| 


R2 


= dA\ 


dH 3 




H 3 


= dA 2 


dR^ 


= H 3 R 2 


[ R* 


= dA 3 



Now we are ready to discuss the remaining Bianchi identities. For IIA pure supergravity 
they and the resulting potentials are given by 



(3.14) 



When the NS 5-brane is present, the Bianchi identity for H 3 gets modified and in order to 
keep the field algebra closed w.r.t. differentiation the Bianchi identity for R4 also receives 
a contribution of order g. The result is 

(3.15) 
(3.16) 
(3.17) 
(3.18) 
(3.19) 
(3.20) 

where we added the Bianchi identities for the brane potentials and a 2 . 

Eqs. ( P-17| ), (|3.18|) imply that the pullbacks of H 3 and R^ on the brane are ill-defined. 



dH x 


= 




dR 2 


= 




dH 3 


= 9J4 




dR/± 


= H 3 R 2 


- ghxJ± 


dhi 


= 4 0) 




dh 3 


= (R4- 


H 3 h,r 



However, in the Bianchi identity (|3.20|) only the sum R4 — H 3 h\, which is a closed form, 
is required to have pullback, and we will see in a moment that this combination is indeed 
regular. A part from this we should also mention that the product h\H 3 does not really 
define a target space form since hi is only a field on the brane; these formal problems are 
solved below. 

Eqs. ( |3.15|) , ( |3.16|) and (|3.19|) can be easily solved defining Hi = d&, R 2 = dAi, 



hi = da + Ai , while the solution of eq. (|3.18|) requires some caution. One would 
be led to write formally R4 = dA 3 + H 3 Ai — gaoJ^, but this choice is not a good one 
since A 3 would not admit pullback. This can be seen considering the transformation law 
SAi = dT, 5a = -r<°> which requires 5A 3 = —H 3 T, and this does not admit pullback. 
On the other hand, the spurious 5 like singularities in the term a J a should be cancelled 
by the singularities present in A 3 . 

A regular potential A 3 can be introduced considering the alternative formal solution 
of eq. (|3.18| ) R4 = dA 3 + H 3 hi, which does not exhibit any 5-like singularity. But this 



solution has a different problem: hi is only a field living on the brane, and not a target- 
space one, so the product H 3 hi is not well defined. Luckily there is a solution for this 
problem: promote hi to a target-space form hi by choosing an arbitrary extension ao(x) 
of a (a) such that 

a Q (a, 0) = a (a), lim^oc a Q (a, u) = 0, (3.21) 
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and by denning 

h\{x) = dd Q (x) + Ai(x), 



with the properties 



hi = hi, dhi = R2. 



This allows to make use of the product H 3 hi as a well defined target space form. However, 
for consistency the resulting i? 4 should be independent of the choice of the extension d (x). 
Under a change of extension 2o we have indeed 

a^x) = a (x) + A(x), A< > = 0, (3.22) 



where the pullback of A is zero due to eq. Q3.21|) . This leads to 



(#3^1) ' 



H 3 hi + H 3 dA = H 3 hi + d (H 3 A) , (3.23) 

and -R4 remains unchanged if one chooses 

A' 3 = A 3 - H 3 A, (3.24) 

which has the remarkable property of leaving the pullback of A 3 invariant thanks to 
eq. (ft.22 ). This is consistent with the requirement that A 3 is regular and independent 



of the chosen extension. We stress that having potentials whose pullbacks are regular is 
an important part of our construction. 

According to our definition of hi the r.h.s. of eq. ( |3.20|) has now to be replaced by 



(i? 4 - #3M (0) = dA { 3 \ which is regular and closed; the solution of this Bianchi identity 
amounts then simply to h 3 = da<, 
identities in terms of potentials, 



amounts then simply to h 3 = da 2 + A^ 1 . We can now collect the solutions of our Bianchi 



(3.25) 
(3.26) 
(3.27) 
(3.28) 
(3.29) 
(3.30) 

^From the definition of h 3 we deduce again the need of a three-form potential with a 
regular pullback. 



Hi 


= d$ 




R2 


= dAi 




H 3 


= dA 2 


+ gK 3 




= dA 3 


+ H 3 hi 


hi 


= dao 


+ 4 0) 


h 


= da,2 


+ 4 0) - 
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The part of H3 which does not admit pullback is gu)3] the "singularity" of U3 is due to the fact that 
as one approaches the 5-brane u r — > 0, uj^ while remaining finite would depend on the direction along 



which u r goes to zero. Thus also H3 remains finite, and H3A goes to zero as u r — * thanks to ( 3.2 2| ) 
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3.3 Equations of motion 

The equations of motion for pure IIA supergravity are 

d(e~ 2 **Hx) = * R A + ^R 2 * R 2 - hj 3 (e~ 2<& * H 3 ) (3.31) 

d*R 2 = -H 3 *R 4 (3.32) 

d(e~ 2 ^*H 3 ) = ~R 4 R 4 -R 2 *R 4 (3.33) 

d*R A = H 3 R A , (3.34) 

where consistency requires the right hand sides of these equations to be closed forms, as 
implied by the Bianchi identities ( |3.14 ). In the presence of a 5-brane, where the Bianchi 
identities change to ( |3.15p -( |3.2(J| ), we have to change the equations of motion as well to 
keep the r.h.s. closed. As in the case of the Bianchi identities the new terms have to 
be supported on the 5-brane, i.e. to be proportional to J4. Our proposals for the new 
equations of Ax, A 2 and A 3 are 

d*R 2 = -H 3 * R 4 + gJi*Hi (3.35) 
d{e' 2q, *H 3 ) = lR i R i -R 2 *R, + ghxh 3 J i + 2 -^[x s + ^J^ (3.36) 
d* i? 4 = H 3 R 4 — gh 3 J A , (3.37) 

while for the fields on the brane, a 2 and a , we propose 

hit = -2^S- (3.38) 

d*Hx = (*R 4 - H 3 h 3 ) {0) . (3.39) 

Before justifying the various new terms in these equations we present the Bianchi identity 
and the equation of motion for A 3 , ( |3.18|) and (|3.37|) , in a different but equivalent way. 
Notice first that the r.h.s. of ( |3.37| ) is now closed, because d(H 3 R 4 ) = d(H 3 dA 3 ) = 
gJ 4 dA 3 = gj 4 dh 3 . Setting R Q = *R 4 we can use this equation to introduce a dual 
potential A 5 . The dynamics of A 3 can then be represented equivalently through the 
duality invariant system 

R 4 = dA 3 + H 3 hx (3.40) 
R 6 = dA 5 + H 3 h 3 (3.41) 
R 6 = *i? 4 , (3.42) 

where we have extended the brane field a 2 to a target space form d 2 , in exactly the same 
way as ao above, and we defined the target space three-form 

h 3 = dd 2 + A 3 . 

Substituting ( |3.42| ) in ( |3.41| ) and applying the differential one gets indeed back ( |3.37| ). 
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In analogy to A 3 we require also the dual potential A 5 to be regular near the 5-brane, 
i.e. Af^ to be well-defined. The self-consistency of this requirement proves in the same 



way as in the case of A 3 . Its basic consequences, due to ( |3.41|) and fl3.42j ), are that 



d{*R 4 - H 3 h 3 ) = 0, (*R4-H 3 h 3 y o) well defined. (3.43) 

One should notice that, although the statement that A 3 and A5 admit pullback is duality 
symmetric, in the sense that the two potentials are considered as equivalent, there is an 
intrinsic asymmetry between A 3 and A§ in J/A-supergravity, because there is no formu- 
lation in terms of A 5 only Our formulation is in terms of A 3 only, so the requirement 
that A 3 admits pullback is of kinematical nature, while the requirement that also A 5 ad- 
mits pullback is a dynamical constraint, because it asserts that only those solutions of the 
y4 3 -equation of motion (eq. ( |3.37| )) are allowed, for which the combination *R 4 — H 3 h 3 
admits pullback. In conclusion, the consistency of our system of equations of motion 
needs as supplementary condition the second assertion in ( |3.43| ). 

Keeping this in mind we consider the equation for A\, ( |3.35| ). We added on its r.h.s. 



a term involving (the six-dimensional Hodge dual of) a one-form on the brane, 7i\. Due 
to ( ET33D we have Q 

d(H 3 * R 4 ) = d(H 3 (*R 4 - H 3 h 3 )) = gU*R 4 - H 3 h 3 Y°\ 



from which it is clear that the term gj 4 * 7i\ is needed to make the r.h.s. of ( |3.35|) a 



closed form, thanks to the a -equation fl3.39|) . This last equation is well-defined, again 



thanks to (|3.43|) , and it represents the ao-equation of motion since at the linearized level 
we expect 

Hi = ht + ■ ■ ■ . 

The precise relation between TCi and hi will emerge below when we write the action. 

The /^-equation ( |3.36| ) contains a term supported on M 6 , gh\h 3 J^ which is needed 
to keep its r.h.s. a closed form, as can be seen using the other Bianchi identities and 
equations of motion. Also here, due to the presence of singularities, one is not allowed to 
use Leibnitz's rule: the computation d{\R^R 4 ) = R 4 dR 4 = R 4 (H 3 R2 — gh\Ji) makes no 
sense because R4 does not admit pullback. Rather one has first to evaluate R4R4 using 
the definition of R4 in ( p.28|) , which gives R4R4 = dA 3 dA 3 + 2dA 3 H 3 h\, and then 



d (-R^R^ = dA 3 (H 3 R 2 - 5^1 J 4 ) = R±H 3 R 2 - gdh^J^ 

the rest of the computation is straightforward. The terms proportional to the ten- 
dimensional Newton's constant G are closed by themselves and are required for anomaly 
cancellation. 



6 There is clearly a lagrangian formulation for II A which involves both potentials, a la PST, in analogy 
to the I IB-case 

7 The following computation has to be performed with some caution since a straightforward application 
of Leibnitz's rule, d(H s * R4) = H 3 d * R4 + dH 3 * R4 = — gif 3 /i 3 J 4 + gj 4 * i? 4 , leads to a meaningless 
result because the pullback of H 3 does not exist. 
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The equation of motion for the chiral two-form on the brane, eq. ( 3.38Q , is known from 
previous work jn|. It is governed by formally the same Born-Infeld lagrangian C(h) as 
the one of the M5-brane in (|2.15|) . The differences are that here we have h 3 = da 2 + A 3 
and that this time all six-dimensional indices in C(h), in h%j and in h^ are contracted 
with the effective metric 



9eff,ij 



n 3 
9eff 



9ij - 

g ij + 



„2<I> 



hihj 



z 2 *h 2 



(3.44) 
(3.45) 



where hi are the components of the 5-brane one-form hi = dao + Ai , and h 2 = hihjg 13 . 
A part from this we have again the definitions h^ = v k h i jf t) hij = v (*h) i: j k etc. as in the 
eleven-dimensional case. 

These equations of motion fix the classical action modulo terms that are independent 
of A\, A2, A3 and a 2 , while the equations of motion for g^ u and $, which are rather 
complicated, are obtained varying the resulting action. This action should fix also the 
dependence of TCi on hi and the other fields. 



3.4 Effective action 

The resulting effective action T splits in a classical action and a quantum part T q 



q {Skin + S wz ) + r 



i-l- 



(3.46) 



where Y q carries the anomaly associated to and the action Ski n + S wz should give rise 
to the equations of motion of the previous section. Once the system of Bianchi identities 
and equations of motion is consistent the reconstruction of the action becomes a purely 
technical point. Apart from invariance requirements under standard gauge transforma- 
tions for the potentials (as in pure supergravity) in the case at hand one has to keep in 
mind that, due to our definition of H3 in terms of K%, the action has also to be invariant 
under changes of K 3 , i.e. under the transformations (|3.11|) - (|3.13|) . We give now the action 
and explain then how it produces our equations of motion. The kinetic part is given by 



S, 



kin 



Mio 



R 4 * R 4 + R 2 * R 2 + e~ 2 * (H 3 *H 3 + 8H X * H x 



+ 



d^x^gRe- 1 * - g / d b a^/g~JJ C(h) + -h^K 

Mio JM 6 ' 1 



and the Wess-Zumino term reads 



~ f A 3 dA 3 H 3 - f f da 2 A 3 + 



2nG 
9 



H 3 Xj H 

Mio 1 24 J M 6 



4 0) X4 



(3.47) 



(3.48) 



In the last term of the kinetic action all indices are contracted with the effective metric 
given above, but apart from this the dependence of Skin + S wz on the field a 2 is entirely 
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fixed by the PST-symmetries. After a convenient gauge-fixing of these symmetries the 
adequation of motion following from this action is indeed (|3.38|) , see [14 . 



In deriving the ^-equation, the unique non trivial point is the evaluation of the 
variation of the last term in Skin under a generic variation of this field: 



6 f d e a^g~JJ (C(h) + h^hij) = [ (lh 3 + v(h 2 - V 2 )) 5A® = \ f h 3 8Af\ 

JMr V 4 / J Mr \Z / Z J Mr 



where Vij = —2^-, and we used the (gauge-fixed) a2-equation (|3.38|) . The variation of 
the remaining terms is standard, and the resulting equation of motion is (|3.36|) . 

The derivation of the A 2 -equation is straightforward since this field does not appear 
in the last term of Skin- 

To derive the equations for A\ and a , which show up in the last term of Skin only in 
the combination hi, we define the 5-brane field 

This means that under a generic variation of hi we have 

5 I d 6 a^JJ (C(h) + h^hij) = - ! d 6 a^6h l H t = [ 8hi* Hi, (3.49) 
JMr \ 4 / Jmr JMr 

where the ^-operation refers to the induced metric g^-. For a generic variation of Ai this 
computation gives 

f 5hi*Hi= [ <54 0) *^i=/ 5AiJ 4 *Hi, 

JMr JMr JM w 

which leads eventually to ( |3.35| ). For a generic variation of ao instead we have 

f 5h l *H 1 = ( 5a d(*Hi). (3.50) 

JMr JMr 

To this one has to add the variation of the first term in S^n, which depends on the 
extended field a . Under a variation of this field we have 

- / Ri * R4] = [ d5a H 3 * i? 4 = / d5d H 3 (*R 4 — H 3 h- 

2 JM10 / JM 10 JM 10 V 

= gf (*i? 4 - H 3 h 3 ) i0) 5a , 

JMr V 7 

where we used again ( |3.43| ). Despite the presence of the extended field Uq in the definition 
of i? 4 , this variation is supported entirely on M 6 and depends only on 5a ; this is clearly 
a consequence of the independence of R4 of the chosen extension. Adding this variation 
to ( |3.5U| ), multiplied by — g, one obtains the equation for a . Finally, from the above 
definition of Hi it is easy to see that at first order in the fields it reproduces hi. 

A further important point is that the classical action is invariant under ( |3.11| )-( |3.13D 
because A 2 appears either in the combination H 3 = dA 2 + gK 3 , or through its pullback 



8 - 
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in the anomaly cancelling term / A^xa, an d both are invariant. The action is clearly 
also invariant under standard gauge transformations of the potentials. 

Under 50(1,9)- and 50 (4)-rotations the Wess-Zumino action transforms as (see 

(E3» 

s (h^) = -*L( x ' + h*x>)- (3 - 51) 

which cancels against ST q . 

It is worthwhile to notice that to obtain the correct equation of motion for A 2 it would 
have been sufficient to introduce the 50(1, 9)-invariant term / dA 2 X 7 = J A 2 X S in S wz , 
instead of / H 3 X 7 , but this term alone would spoil the invariance (|3.11|) -( p.l3|) . This 



forces the introduction of the term g J K 3 X 7 , that is not invariant under 50(1,9) and 
cancels the target-space anomaly: invariance requirements and anomaly cancellation are 
closely related. 

3.5 Dirac— branes 

Since the iV55-brane is electromagnetically dual to the iV5-string one can ask if the 
5-brane dynamics can be treated in a way analogous to the magnetic monopole in four 
dimensions which is, in turn, dual to the electric charge. A necessary ingredient for a 
lagrangian description of a magnetic monopole is the Dirac-string, i.e. a two-dimensional 
surface whose boundary is the monopole worldline, an ingredient which finally should 
result unobservable. This setup can be generalized to a generic p-brane, where the 
Dirac-string becomes a Dirac-(p+l)-brane. In this subsection we illustrate briefly the 
corresponding setup for the iV55-brane, and explain where it eventually fails in this case, 
due to the particular dynamics of the iV55-brane. 

With this respect the Chern-kernel approach can be considered as equivalent to a 
Dirac-brane approach plus a canonical superselection rule on the allowed curvatures if 3. 

A Dirac-brane associated to the A55-brane is a seven-manifold M7 whose boundary 
is M 6 , dM 7 = M 6 . Calling C 3 the Poincare-dual of M 7 this means 

dC 3 = J4. 

Then one can give an alternative solution of equation ([3. 17 ), in terms of a potential B 2 , 



H 3 = dB 2 + gC 3 . (3.52) 

Up to here this solution and the previous one, H 3 = dA 2 + gK 3 , are equivalent because 
they correspond to a redefinition of the two-form potential. Both solutions parametrize 
the most general solution of dH 3 = gj^: take a particular solution, gK 3 or gC 3 , and add 
the most general solution of the associated homogeneous equation. However, taking the 
solution ( |3.27|) in terms of A 2 we imposed implicitly the "canonical superselection rule" 



that A 2 is regular near the 5-brane or, equivalently, that the singularities of H 3 near 
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the 5-brane are the ones of the Chern-kernel. On the other hand, the solution ( |3.52| ) is 
completely general, and allows for example also a configuration of the kind H3 = gC 3 , 
which can clearly not be realized in the Chern-kernel approach. In principle one could 
use also (|3.52|) and impose the constraint that H% behaves in the vicinity of the 5-brane 
as K 3 ; this would amount to a very complicated constraint on B 2 , while it is extremely 
simple when imposed on A 2 . 

The question remains if one can do also without imposing any constraint on H 3 , 
using the most general solution fl3.52|) in terms of a Dirac-brane. The basic problem one 



encounters in this case is that B 2 can not admit pullback on M 6 . To see this we observe 
that the Dirac-brane is not unique; under a change of Dirac-brane M7 goes into a new M' 7 
whose boundary is still M 6 , so that M' 7 — M 7 is boundaryless and there exists a 7-brane 
M 8 such that dM s = M' 7 — M7. In terms of the corresponding Poincare-duals we have 
C 3 — C3 = dC 2 , and to have a Dirac-brane independent if 3 we must require 

B' 2 = B 2 -gC 2 , (3.53) 

which is analogous to ( |3.12| ). This time, however, C 2 is a 5-function on a manifold Mg 

which contains as submanifold M$ and this implies that C 2 does not exist. This means 

that a "by-hand-requirement", that B 2 admits pullback on M$, is inconsistent. This 

would still not imply an inconsistency at the level of equations of motion f], but it would 

at the level of the action. Indeed, in the Wess-Zumino action ^S wz there is a term, the 

1(0), 



normal-anomaly-cancelling term j M& A 2 X4> i n which the two-form does not appear 

12g JM 6 



in the combination H 3 . This should now be replaced by r|- J M B 2 x<i- But this term 



has two problems: first, B^ is not defined and second, B 2 depends on the Dirac-brane 



according to ( |3.53|) . To cope with the second problem - Dirac-brane-dependence - one 



could replace this term by the formal expression 



7T 



H {0 K 



12 g Jm 6 

where H ^ = (dB 2 + gC^°\ since it gives rise to the same equation of motion for the 
two-form. This would transform under SO (4), again formally, as 

But the pullbacks ttf \ cf^ as well as jf^ are ill-defined, and one is back to the situation 
described in the introduction, where one must invoke cohomological representatives. 

In conclusion, the physical content of the Chern-kernel approach is represented by 
the universal prescription for the singular behaviour of the invariant curvature near the 
brane (superselection rule); with this prescription one can write a consistent set of Bianchi 



There is, however, a problem related with the transformation (3.24), since now the singularities of 



H 3 could be even of the 5-type and in this case the pullback of H 3 A is not defined. 
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identities and equations of motion, and an action which cancels the gravitational anoma- 
lies. The Dirac-brane approach, instead, furnishes a framework which does not specify 
the allowed singularities for the invariant curvature; it introduces, moreover, intermediate 
unphysical 5 like singularities along the Dirac-brane. As a consequence it does not allow 
to write a well-defined action. 

In the next section we will perform a Kaluza-Klein dimensional reduction of the system 
M5-brane + dynamical D = 11 supergravity of section [|, down to ten dimensions. The 
result is the system iVS'S-brane + dynamical HA supergravity, and we expect to obtain 
our Chern-kernel formulation of the theory, because we are starting from a theory written, 
in turn, in the Chern-kernel formalism. 



4 Dimensional reduction 

We perform in this section the dimensional reduction of the D — 11 M5-brane-action 
of section 2, down to ten dimensions, compactifying say the coordinate x 10 on a circle 
of radius R. The main motivation is clearly a consistency check of the ten dimensional 
action constructed independently in the previous section for the iVS5-brane: the reduction 
process should reproduce this action, modulo local terms. The second motivation is related 
with the fact that in the present case the reduction shows up a new (a priori problematic) 
feature w.r.t. the reduction of pure sourceless D = 11 supergravity, due to the presence 
of the 5-brane. 

We will indicate eleven-dimensional quantities with a bar and ten-dimensional ones 
without bar; e.g. x^ = (x M ,x 10 ), where /i = (0, ■ --,9). The relation between ten- and 
eleven-dimensional Newton's constants and magnetic charges is standard and reads 

G=— , g = ^-. (4.1) 

Using the notations of section 2 for D = 11 fields and the ones of section 3 for D = 10 
fields, we remember that the target space fields decompose as, g-j^ — > (g^, A\, <3>) and 
B3 — > (A3, A2). The eleventh coordinate on the M5-brane becomes the scalar field of the 
iVS'S-brane while the eleven-dimensional chiral two-form is identified directly with the 
ten-dimensional one: 

x 10 (a) = a (a) 
b 2 (cr) = a 2 (cr). 

We recall first the standard decompositions of the eleven-dimensional fields in the case 
of pure supergravity. The three-form decomposes as 

B 3 = A 3 + dx w A 2 , (4.2) 
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while the metric is reduced according to 



In particular the eleventh component of the elfbein reads 

E w = daFEg = e + ^(dx 10 + A x ), 

where the gauge transformation of A\ amounts to a D = 11 diffeomorphism of x 10 , such 
that the combination dx 10 + A\ is invariant. 

The fields A x , A 2 , A 3 , and $ are assumed to be periodic in x 10 with period 2irR. 
D = 10, II A supergravity is obtained if one keeps only the zero modes of their Fourier 
expansion or, equivalently, if one assumes all those fields to be independent of x 10 . In this 
case Q4.2p leads to the invariant decomposition (here we define H4 = dB$) 

H A = R A + (dx 10 + A 1 )H 3 , (4.4) 

where the x 10 -independent curvatures R4 = dA 3 + dA 2 Ax and H 3 = dA 2 are the sourceless 
counterparts of the corresponding ten dimensional curvatures of section 3, i.e. with g = 
= a . 

In the coupled case, however, the same procedure can not be applied in a straightfor- 
ward way since we have dH^ = ~gj§ and the current J5, even if in principle it admits a 
decomposition like ( f4.2| ), depends on all eleven coordinates x M in a non trivial way and 
it is, in particular, intrinsically non periodic in x 10 . Since dK^ = J 5 , the Chern-kernel 
inherits the same problematic features from the current. 

In this section we will show how one can overcome these difficulties and get the relation 
(|4.4p also in the coupled case - in the limit R — > - where -R4 and H3 are replaced with 
their coupled expressions in section 3. The validity of the decomposition (|4.4|) is indeed 



the fundamental ingredient of the reduction process, in the free as well as in the coupled 
case. 



4.1 The reduced geometry in the presence of an M5— brane 

As we will see, in this case the parametrization of the reduced metric ( [4.3| ) can be kept 
unchanged, while the reduction of B% will be more complicated then (|4.2|) . 

The first problem which arises in the presence of an M5-brane is that it is inconsistent 
to restrict x 10 to a compact interval since x 10 (cr) is identified with the 5-brane field ao(cr) 
which is clearly unconstrained. A first suggestion to overcome this difficulty would be to 
consider as compact field the shifted variable x 10 — do(cr), but this is not a target space 
field. As we will see below the right choice for the compact variable is 

x 10 -oq(x) E [-irR,7cR] , (4.5) 
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where So(x) is a ten-dimensional extension of x 10 (<r), which we identify with the homony- 
mous ten-dimensional field of section 3. Notice that independence of a D = 11 field of 
the variable x 10 — ao(x) is equivalent to independence of x 10 . 

We can now address the reduction of the current J5. If we indicate with J 4 (x) the 
ten-dimensional current of the 5-brane, i.e. the Poincare-dual of the surface x^(a) w.r.t. 
ten dimensions, then we can rewrite the eleven-dimensional current as 

J 5 = (dx 10 — da )5(x 10 — a ) J 4 , 

which is independent on the chosen extension a since J 4 projects it down to x 10 (a). 
We are interested in a configuration in which D — 11 Sugra reduces to D — 10, II A 
Sugra, corresponding to the case in which all eleven-dimensional fields are taken to be 
independent of x 10 ; the obstacle to this procedure introduced by J5 is that, despite the 
dependence of J 4 on only x M , J 5 depends also on x 10 trough the 5-function. This difficulty 
can be solved by noting that in the limit R — > we can replace 

5(x w -a )^-±-, (4.6) 
lixK 

and 

which has now the desired structure and allows a consistent reduction of the equation 
dH A = gj 5 . 

The last problem one has to face is that in the eleven-dimensional effective action 
the current J5 enters also indirectly, through the four-form K4, which is expressed in 
terms of normal coordinates. So we have to determine the relation between the compact 
variable x 10 — d Q and the 50 (5)-normal coordinates y a . The choice of the eleventh 
coordinate as the compact one is of course conventional and corresponds more generally 
to a vector field V^dp] in our case = (0, • • • , 0, 1). On the 5-brane this vector field 
decomposes in a tangent and in a normal component, meaning that the choice of a compact 
variable identifies also a normal vector on the 5-brane (the normal component of V M ), 
call it V a (a). Thus the normal group 50(5) of the M5-brane reduces to its subgroup 
5*0(4) which leaves V a invariant. Conventionally, through an SO (5)-rotation, we can 
choose V a = (0, 0, 0, 0, 1) which means that we single out the fifth normal coordinate 
yb _ ya,ya ag an 5"(9(4)-i n variant one. We can then introduce ten-dimensional 5*0(4)- 
normal coordinates u r (r = l,---,4) according to y a = (y r = u r ,y 5 ), and the ten- 
dimensional iV55-brane current J 4 can then be expressed for R — * as in ( |3.2| ) , 

J 4 = ^ e ri - ri du ri ■ ■ ■ du ri S\u), J 5 = dy 5 S(y 5 ).U 

We can now decompose K4 using ten-dimensional normal coordinates. The 50(5)- 
connection A ab is decomposed according to A ab = (A rs = W rs ,A r5 = L r ), where W rs is 
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the S'0(4)-connection and L r is an SO (4)-covariant vector. With these definitions the 
Chern-kernel in equation (|2.5|) allows the following fundamental decomposition, whose 
derivation is lengthy but straightforward: 

Ki = ^ Xi f - \^ 3 df + dG 3 , (4.8) 

where Xi is the SO (A) Euler-characteristic and uj 3 is the Chern-kernel associated to J4, 
both defined in section 3. G 3 is an SO {A)- invariant three-form whose explicit expression 
is given in Appendix B; it involves L r , u r , y 5 and their 5*0(4)-covariant derivatives. We 
remember also that 

y - 



As a check of the above decomposition we note that, using the defining relation for the 
S'0(4)-Chern-kernel du 3 = J4 — X4> the differential of the r.h.s. of ( |4.8| ) reduces to 

dK 4 = ^J 4 df; (4.9) 

but J4 sets u = and y 5 gets replaced with the sign function e(y 5 ); eventually dy 5 — > 
de(y 5 ) = 2dy 5 5(y 5 ) and the r.h.s. of ( [4.9|) amounts just to J5. 

Until now we have only rewritten K4 in the uncompactified theory. At the compact- 
ified level dK± has to match moreover fl4.7|) ; comparing this with (^4.9| ) allows to relate 
eventually the compact variable to the normal coordinates 

f = ±( x ^-a ). (4.10) 

This relation is in particular consistent with the fact that y 5 varies in the interval [—1, 1]. 
It is understood that in the above decomposition for K 4 the variable y 5 is meant to be 
substituted by this expression, even if we maintain as notation the symbol y 5 . We recall 
that, as the replacement ( |4.6| ) is valid only for R — > 0, also the above identification for 
y 5 is valid only in the same limit. In terms of normal coordinates independence of 2 10 
amounts then to independence of y 5 , or equivalently of y 5 . 

The structure of (|4.8|) allows now to determine the reduction of B 3 in the presence of 



a 5-brane, which maintains ( |4.4j ). It is indeed easy to see that the reduction 

B 3 = A 3 - nRf(dA 2 + g X3 ) - gG 3 , (4.11) 

leads to 

H 4 = dB 3 + gK A = R 4 + (dx w + A X )H 3 , (4.12) 

where H 3 and i? 4 are defined in (|3.27|) and (|3.28|) respectively. The fields A 3 and A 2 
defined in this way, as well as the (extended) 5'0(4)-connection W rs showing up in K 3 , 
are eventually taken to be independent of x 10 ; this ensures x 10 -independence of H 3 and 
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R A} as in the sourceless case. For pure Sugra, a = = g, (|4.11| ) reduces to the standard 
decomposition (}4.2| ) modulo a gauge transformation. 

For what concerns invariances we observe that B 3 was invariant under SO(5) and so 
it is under SO (4); since also G3 is invariant under SO (4) the fields A 3 and dA 2 + gx3 
have to be invariant under this group separately, due to the presence of the factor irRy 5 . 
This determines the expected anomalous transformation law for A 2 , SA 2 = —9X2, from 
the eleven-dimensional point of view. 

The last ingredient we need is the reduction of the pullback B 3 . The second term 
in ( [4.1 1|) has vanishing pullback due to (|4.10|) . From the explicit expression of G 3 in the 
appendix Q5.171 ), one sees that it has actually a finite pullback, but that it depends on 



the direction along which it is taken. However, due to the fact that G 3 is multiplied by 
~g = 2nRg, its pullback gives no contribution for R — > 0. Thus in this limit we have 

5f = 4 0) , h 3 = h 3 = da 2 + Af\ (4.13) 
4.2 Reduction of the action 

We are now able to perform the dimensional reduction of the classical eleven-dimensional 
effective action of section two, see equations ( |2.14| ) (kinetic terms) and ( |2.16| ) (Wess- 
Zumino). The first should reduce to 2ttR times the ten-dimensional kinetic terms in 
!■'». 17|). and the integral J M L u should reduce to 2-kR times the ten-dimensional Wess- 
Zumino action given in ( |3.48| ). We perform the reduction of the kinetic and Wess-Zumino 
terms separately. 

4.2.1 Kinetic terms 

The reduction of the Einstein-Hilbert term in (|2.14j) is standard and requires only to 



insert the decomposition 

/ d n xy^R = 2ttR ( [ d 10 xe- 2 *JgR- - I (R2 * R2 + Se^^ * H 1 ) ). 

J Ma \JMw 2 J Mm v 7 / 

The reduction of the Born-Infeld action for the chiral two-form in (|2.14|) has been 



anticipated above, see also ||16|| . We have h 3 = h 3 , and if one introduces the decomposition 
( |4. 3| ) in the eleven-dimensional induced metric one obtains easily the ten-dimensional 
effective induced metric: = diX^djX p g-^ = g e ff,ij', the result is, by construction, the 



Born-Infeld lagrangian of ( |3.47| ). 



Due to the relation ( |4.12|) , which holds formally also in sourceless supergravity, the 
reduction of the kinetic term for the three-form is now standard, i.e. like in the case of 
D — 11 Sugra -f D = 10, II A Sugra: 

/ H 4 *H A = 2ttR f (R A *R a + e- 2 *H 3 * H 3 ) . 

J Mu JMw V ' 







Notice however that one can not drop the term gG$ in (4.11), since the action is cubic in B3 and one 



could obtain finite contributions from G3, due to the relation (2.13) 
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The kinetic terms obtained this way, divided by 2nR, coincide with the ones of ( 3.471) . 



4.2.2 Wess— Zumino term 



The reduction of the Wess-Zumino form Ln is a little bit more complicated. In principle 
one has to substitute the above expressions for B 3 and K 4 , ( }4.11|) and ( |4.8j ), together with 



an analogous reduction for fa in L n and to perform the computation. Actually one can 
take advantage from the invariance of the eleven-dimensional Wess-Zumino action under 
(|2.18|) -( pi.20| ) to simplify this computation. Its details are given in the appendix, here we 
quote the result. Modulo a closed form one gets 



2tcR 



dtf 
2 



-A,,IA,H,^-^da 2 Af ) J 5 + 



2nG 



dy 5 



d{y 



5\3 



-H'iXj 1 A.0Y4J4- 

- i 7 2 -r 24 2A4 2 



(4.14) 



d(y 5 ) 3 



1, and ^J Mu Lj 



The integral over the eleventh coordinate is trivial, J ^jr = J 2 = 1, anu Jm u ^11 
coincides with the ten-dimensional Wess-Zumino action in ( |3.48|) , because thanks to the 



relations ( 2.131 ) an d 



.11) we have g' 1 = ^f- = '^f-. 



2nG 



5 Concluding remarks 

The construction of the effective action for the interacting system N Sh-hidJie/ II A- 
supergravity presented in this paper is based on a consistent solution of the magnetic 
equation (Bianchi-identity) dH$ = gj^, in terms of a two-form A 2 and a Chern-kernel. 
In principle duality allows to circumvent this problem by introducing a dual potential 
Aq in which case this Bianchi-identity would become an equation of motion. However, 
there exists no formulation of J/A-supergravity in terms of only Aq, therefore one has 
necessarily to solve the magnetic equation. Form this point of view the 5-brane is really a 
dual object. The magnetic equation allows essentially for two classes of solutions, Dirac- 
branes or Chern-kernels, the latter being in some sense a subclass of the former. As a 
matter of fact you have to choose a Chern-kernel solution whenever the anomaly poly- 
nomial contains an Euler-form, the eleven-dimensional M5-brane being an exception. 
So the case considered in this paper is a prototype for a rather general situation: a dual 
or selfdual (p or D)-brane with a normal bundle Euler-form in the anomaly polynomial, 
see e.g. [], |T7], [TBfl . The Chern-kernel approach presented in this paper has general 
validity and can be extended to all these cases: it leads to well defined potentials and to 
a consistent anomaly cancelling classical action. In particular, in the case of intersecting 
D-branes the inflow mechanism is based at present on the cohomological identification 

JhhJhh ~ Jmidm 2 XW12}, (5.1) 

where x[^i2] indicates the Euler characteristic of the intersection of the normal bundles of 
the D-brane worldvolumes Mi and M 2 , and denote the Poincare duals of Mj. From 
a local point of view (in the sense of pointwise) this formula has no meaning since the 
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product of currents Jm y Jm 2 i s no ^ defined, not even in the sense of distributions. Also 
in this case the Chern-kernel approach allows to overcome this difficulty and to realize 
a local cancellation mechanism which does not make use of the identification (|5.1|) , in 
analogy with the II A AS^-brane where in our Chern-kernel approach the analogous 
relation J 4 J 4 ~ -hXi is never enforced. 

We have seen that even currents, like J4, can be written as the differential of an 
odd form, like K 3 , that transforms anomalously under the normal bundle group, while 
odd currents like J5 can be written as the differential of an invariant form, K4. In the 
first case the potential is non-invariant while in the latter it is. In D = 10 even currents 
correspond to even brane worldvolumes where anomalies can potentially appear explaining 
the appearance of anomalous forms K 2n+ i, realizing the inflow cancellation mechanism. 
Form this point of view the appearance of an invariant Chern-kernel A 4 in the case of 
the M5-brane seems rather strange. What characterizes eventually the exceptionality 
of this case is that eleven-dimensional supergravity has a Wess-Zumino term which is 
cubic in the three-form potential and that the normal bundle anomaly of the M5-brane 
does not factorize; moreover the Euler characteristics of the normal bundle is zero. In 
the reduction process from eleven to ten dimensions we have shown how those different 
features are related in a non trivial way, in particular the appearance of the non-invariant 
forms K 3 and A 2 from the invariant ones A 4 and B 3 . 
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Appendix A: properties of the three— form K% 



In this section we calculate the explicit expression of the form Q 2 in equation ( |3.11|) and 
prove equation ( |3.13| ), i.e. Q 2 = 0. 



Starting from the definition of K 3 , (|3.3j), ( |3.4| ) and( |3.7| ), one can split K 3 in two terms: 
the Coulomb-like form C 3 , satisfying dC 3 = J 4 , and the differential of a two-form $ 2 . An 
explicit calculation yields 

K 3 = C 3 + d$ 2 (5.2) 

$ 2 (u,W) = -—^E ri --- ri u ri (2du r2 + (uW) r2 )W r3r4 (5.3) 
4[2ty) 2 

C 3 {u) = -—^e ri --- ri u ri du r2 dii r3 du r4 , (5.4) 
3(27r)^ 

where, in particular, the form C 3 is independent of W. 
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We remember the anomalous transformation law of K 3 under 5*0(4) rotations, implied 
by the presence of the Chern-Simons form X3 m K3. Under SO (4) we have 

u' r {A) = A rs u s , W'(A) = AWA T - AdA T , (5.5) 

where A is an 5*0(4) -matrix, and K 3 transforms as 

K 3 (u', W) = K 3 (u, W) + d X2 (W, A), (5.6) 

where dxz(W, A) is proportional to d [tr(A -1 dAW)] + \tr (A^dA) 3 . 

As stated in the text the form K 3 changes under a change of normal coordinates 
and under a change of the extension of the SO (4)-connection. In both cases we have 
K' — K 3 = dQ 2 . We consider first a change of normal coordinates. This amounts to a 
transformation u — > u'(a,u) such that, (see |§) 



». / \ du' r 
u"{a,0) = 



du s 



S rs . (5.7) 



w=0 

Since u fr u fr = 1, there exists a matrix A(a, u) G 50(4) such that 

u' r = A rs u s , (5.8) 

and ( |5.7|) implies that for u — > we have the crucial property 

A rs ~ 5 rs + o{u)f rs {u) => A(°) = 1. (5.9) 

For the new normal coordinate system we have, thanks to (|5.6|) and (|5.2|) , 

K' 3 = K 3 (u',W) = K 3 (u,W\A~ 1 )) + d X 2(W'(A- 1 ),A) (5.10) 

= C 3 (u) + d$ 2 (u,W'(A- l ) + dx2(W(A- l ),A). (5.11) 

In the difference K' 3 — K 3 the Coulomb form cancels out and we are left with 

K' 3 -K 3 = d [$ 2 («, ^'(A- 1 )) - $ 2 (fi, W) + X 2(W'(A- 1 ), A)] = dQ 2 , (5.12) 

which gives an explicit formula for Q 2 . Using ( |5.3|) , and setting AW = PU'(A _1 ) — W, we 
can evaluate the difference 

<S> 2 {u,W'(A- 1 )) -<f> 2 (u,W) (5.13) 

= — -^—r e ri - r4 u ri (2du r2 AW r3r4 + (uAWY 2 W r3r4 + (uW'(A- l )X 2 AW 7 
4(271-)^ v \ / 



Thanks to Q we have now AW<°> = 0, and xfiWiA' 1 ), A) = x 2 (W (0) , 1) = 0. This 
implies also that Q 2 = 0. 

Under a change of extension of W instead we have 

W' — W + AW, AW^ = 0, (5.14) 
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since the value of W on the brane is fixed. Accordingly K 3 transforms as 

K' 3 = K 3 (u, W) = C 3 {u) + d$ 2 (u, W'), (5.15) 

so that 

K' 3 -K 3 = d [$ 2 (m, W) - $ 2 («, W)\ = dQ 2 . (5.16) 
Thus Q 2 coincides formally with (|5.13|) and vanishes again, due to AW^ = 0. 

Appendix B: the form G% 

The decomposition of the invariant four-form K4 Q4.8| ) involves the S'0(4)-invariant three- 
form 



where 



16(2tt) 2 



-ri...r4^ri 



^p 2 y 5 Du r Wu r3 Du ri + 4p (T r2r3 + p 2 Du r2 Du rs ) L ri - 
-4p 2 y 5 Du r ' 2 L r3 L r ^ - jp 3 L r2 L rs L r4 ] , 



(5.17) 



u' 



u 
\u\ 



\u\ 



p 



(5.18) 
(5.19) 



and Du r = du r + u s W sr indicates the covariant derivative with respect to SO(A). Since 
the ten-dimensional 5-brane is defined by u r = we have pJ^ = 0, and therefore also 
G3J4 = or, equivalently, the pullback of G 3 on the ten-dimensional 5-brane vanishes. 



Appendix C: reduction of L 
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To reduce the eleven-dimensional Wess-Zumino action to ten dimensions we have to 
evaluate the expression of L n in ( f2.1fcj ) under the substitutions ( |4. 1 1| ) for B 3 and ( |4.8j ) 
for K^, where eventually the forms A 3 , A 2 , Xz an d oj 3 are considered as ten-dimensional 
fields, i.e. independent of the eleventh coordinate. 

Before performing the above substitutions it is convenient to eliminate the form G 3 
from and B 3 , taking advantage from the invariance of L\\ under the transformations 
( |2. 18| )— ( p.2U| ) and choosing Q 3 = —G 3 . These transformations leave L\\ invariant if Q 3 
has vanishing pullback on the eleven-dimensional 5-brane; in the reduced geometry it is 
sufficient that it has vanishing pullback on the ten-dimensional 5-brane, as does G 3 (see 
appendix B). The new objects simplify as 



K 

B' 



K A - dG 3 = t - 7^3 dy 5 

B 3 + gG 3 = A 3 - nRf (dA 2 + gxz) 



(5.20) 
(5.21) 
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For what concerns the transformed seven-form fj it is sufficient to determine it modulo 
a closed form dfe, since it would modify the Wess-Zumino action by a term which is local 
on the 5-brane, J Mll df e K 4 = — J Mg / 6 This means that it is sufficient to find a solution 
of the equation 

for f!j. A convenient solution is 

f 7 =({tfYx±-^d{tfy)x,. (5.22) 

Modulo a closed form we can therefore rewrite the eleven-form in fl2.16| ) by replacing 
B 3 -> B' 3 , K 4 K' 4 , h -> 

Ln = -B' 3 dB' 3 dB 3 - | da 2 ^ 0) J 5 + | B' 3 dB' 3 K' 4 + 

+ LB^KiK + ^Kfr + ^^Ht. (5.23) 

The substitution of ( p.20|) -( ^.22j ) is now a mere exercise, and the result can be divided 
into powers of A3: the term A^dA^dAs vanishes of course because it is an eleven-form 
in D = 10; the terms quadratic in A3 lead easily to the first term in Q4.14T ), while the 
linear terms drop out apart from the term ddzA^ J§. The interesting terms are the ones 
without A 3 , since they are related to anomalies and we evaluate them separately. The 
first, third and fourth terms in (|5.23|) produce a contribution 

(q^XaXa - 2ttR {dA 2 + g X3 ) XA-h) , (5.24) 

which is invariant under SO (4), as are the three terms from which it comes. The fifth 
term instead, which carries the anomaly, becomes 

^K'Jl = ( X3X A J A ~ UJ3XAXA) ■ (5.25) 

We can check that it carries still the correct S"0(4)-anomaly (the second term is invariant): 

This formula maintains its meaning both from the eleven- and ten-dimensional points of 
view. In D = 11 y 5 is given by y 5 = —, — = which multiplied by J 4 reduces to the 

y/(y 5 ) 2 + \u\ 2 

10 We remind that the D = 11 theory carries an 5'0(5)-anomaly associated to Ps(A). Under dimensional 
reduction we have A ab = (A rs = W rs ,A r5 = L r ), and one has the decomposition Pa (A) = Xi{W)xi(W) + 
dfo, where I7 is some S'0(4)-invariant form. For the Chern-Simons forms one has P7 = X3X4 + '7 + die, 
implying that the S'0(5)-anomaly reduces to the canonical 5 l O(4)-anomaly J X2X4, modulo a trivial 
cocycle. Our specific choice of fj amounts to the subtraction of a local countcrterm which restores the 
canonical form of the anomaly, as seen from ( |5.26| ) . 
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sign of y 5 , hence J4 d ^ 2 ^ = Jidy b 5(y b ) = J5, and ( |5.26| ) reduces to — |^ J M X2Xi- From 
the ten-dimensional point of view we have to take xa an d X2 to be independent of y 5 and 
we can integrate j\ d ^ 2 - = 1, and one obtains the same anomaly as before. 

Summing up Q5.24j ) and ( |5.25| ) only the /^-term survives and, apart from a closed 
form, one gets as anomaly cancelling term 

't A t d(ff\ 



2ttR ^-A 2 XaJa 



24 *™ * 2 ; ' 

which amounts to the last term in ( |4.14| ). 

The reduction of the last term in ( |5.23| ), which carries the target space anomaly, is 
standard. We can decompose []] the SO(l, 10) Chern-Simons form as X 7 = X 7 + Z 7 + 
(dx 10 + Ai)Z 6 , where X 7 , Z 7 and Z 6 are independent of x 10 ; X 7 is the 5*0(1,9) Chern- 
Simons form, and Z 7 and Z$ are SO(l,9)-invariant. Recalling also the decomposition 
H 4 = R 4 + (dx 10 + A 1 )H 3 one gets 
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X 7 H 4 = (H 3 X 7 + [H 3 Z 7 + R 4 Z 6 }) dx 

The term H 3 Z 7 + R^Z§ is local and invariant and corresponds to a non minimal contri- 
bution to the ten-dimensional effective action, while H 3 X 7 dx 10 = 7cRH 3 X 7 dy 5 produces 
the third term in (4.14). 
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